The progressive Type-II hybrid censoring scheme introduced by Kundu and Joarder (Computational Statistics and Data Analysis, 2509-2528 , 2006 , has received some attention in the last few years. One major drawback of this censoring scheme is that very few observations (even no observation at all) may be observed at the end of the experiment. To overcome this problem, Cho, Sun and Lee (Statistical Methodology, 23, 18-34, 2015) recently introduced generalized progressive censoring which ensures to get a pre specified number of failures. In this paper we analyze generalized progressive censored data in presence of competing risks. For brevity we have considered only two competing causes of failures, and it is assumed that the lifetime of the competing causes follow one parameter exponential distributions with different scale parameters. We obtain the maximum likelihood estimators of the unknown parameters and also provide their exact distributions. Based on the exact distributions of the maximum likelihood estimators exact confidence intervals can be obtained. Asymptotic and bootstrap confidence intervals are also provided for comparison purposes. We further consider the Bayesian analysis of the unknown parameters under a very flexible Beta-Gamma prior. We provide the Bayes estimates and the associated credible intervals of the unknown parameters based on the above priors. We present extensive simulation results to see the effectiveness of the proposed method and finally one real data set is analyzed for illustrative purpose.
Introduction
In many life testing studies, an item or individual may fail due to different causes. In these studies, one observes the time of failure along with it the corresponding cause of failure also.
These causes as if compete with each other for the failure of an experimental unit. Hence, in the statistical literature, this is known as the competing risk problem and it has been studied quite extensively by several researchers see for example Kalbfleish and Prentice [23] , Lawless [30] and the references cited therein. In a competing risk problem one is naturally interested to find the lifetime distribution of the individual cause, in presence of the other causes. Analysis of the competing risk data is mainly based on one of the two assumptions namely (i) the latent failure time model assumptions of Cox [15] or (ii) the cause specific hazard function assumptions by Prentice et al. [31] . Interested readers may refer to the monograph of Crowder [17] for different interesting competing risks problems and for details on different competing risk models.
In life testing experiment most of times the data are censored. The most common censoring schemes used in practice are Type-I and Type-II censoring schemes. Mixture of Type-I and Type-II censoring schemes led to Type-I hybrid censoring scheme which was introduced by Epstein [19] and the Type-II hybrid censoring scheme introduced by Childs et al. [12] .
Hybrid censoring schemes have received considerable attention in the last few years, see for example the recent review article by Balakrishnan and Kundu [6] regarding the recent development on this topic.
Note that the censoring schemes outlined above do not allow for removal of units other than the terminal points of the experiments. Cohen [14] was the first one to study more general censoring scheme known as Progressive (Type-II) censoring scheme. The Progressive censoring scheme can be described as follows. For a fixed sample size n and for fixed effective sample size m, choose non-negative integers R 1 , . . . , R m such that R 1 + . . . + R m = n − m.
The experiment starts with n number of items. At the time of the first failure, R 1 items are chosen at random from the remaining n − 1 items and they are removed from the experiment. Similarly, at the time of the second failure, R 2 items are chosen at random from the remaining n − R 1 − 2 items and they are removed from the experiment, and the process continues. Finally, at the time of the m-th failure all the remaining items are removed from the system and the experiment stops. Extensive work has been done on different aspects of progressive censoring, see for example the recent book by Balakrishnan and Cramer [3] in this respect.
One major drawback of the progressive Type-II censoring scheme is that the experiment takes a longer time to continue if the units are highly reliable. To overcome that problem, Kundu and Joarder [27] introduced the progressive Type-II hybrid censoring scheme, where a prefixed time point T is introduced along with n, m and R 1 , R 2 , . . . , R m . Here the experiment set up is same as that of the progressive type-II censoring scheme except at the termination time point. In this case, the experiment stops at the time point min{T, X m:m:n }, where X m:m:n denotes the failure time of the m-th unit. Thus in this set up the experiment never goes beyond the time point T . Kundu and Joarder [27] assumed the underlying lifetime distribution to be exponential and developed the inference procedures of the unknown parameters. It was further studied for other lifetime distributions by several authors, see for example Chan [10] , Hemmati [21] , Cramer [16] and the referenced therein. However in this censoring scheme, the experimenter may observe only few failures or in worst case no failure at all. This will lead to facing the problem of estimating the parameters of the lifetime distributions of the experimental units efficiently.
Recently Cho et al. [13] introduced a new censoring scheme called generalized progressive hybrid censoring. It can be described as follows. The experiment starts with n number of items with k and m prefixed integers such that 1 ≤ k < m ≤ n. The experimenter chooses predefined time point T and non negative integers R 1 , R 2 , . . . , R m such that m + R 1 + R 2 + . . . + R m = n. If Z k:m:n denotes the failure of the k-th experimental unit then the experiment stops at the time point T * = max{Z k:m:n , min{T, Z m:m:n }}. In this paper, we develop the statistical inference of the unknown parameters based on the data coming from a generalized hybrid censoring scheme in presence of competing risk. It is assumed that the lifetime distributions of the competing causes of failures satisfy the latent failure time model assumptions of Cox [15] . It is further assumed that there are only two competing causes, and the lifetime distributions of the competing causes follow one parameter exponential distribution with mean θ 1 and θ 2 , respectively, and they are independently distributed. We obtain the maximum likelihood estimators (MLEs) of the unknown parameters and the exact distributions of the MLEs. Based on the exact distribution, we compute the exact 100(1-α)% confidence intervals of θ 1 and θ 2 . For comparison purposes we compute the bootstrap confidence intervals and the confidence intervals based on the asymptotic distributions of the MLEs. We further consider the Bayesian inference of the unknown parameters based on a very general Beta-Gamma prior. The Bayes estimates and the corresponding credible intervals are also constructed. Extensive simulations are performed to compare the different methods, and one real data set has been analyzed for illustrative purposes.
Rest of the paper is organized as follows. In Section 2, we provide the notations, model description and the MLEs. The exact conditional distributions of the MLEs are provided in Section 3. In Section 4, we provide different confidence intervals of the unknown parameters.
The Bayesian inferences are provided in Section 5. In Section 6 we provide simulations results and the analysis of a real data set. Finally we conclude the paper in Section 7.
2 Notations, Model descriptions and MLEs
Notations
PDF : probability density function.
X j : random variable associated with the j-th cause, j = 1, 2.
Z : R i = number of units removed at the time of i-th failure, 1 ≤ i ≤ m.
Exp(θ) : exponential distribution with PDF:
Beta(a, b) : Beta distribution with PDF:
shifted Gamma distribution with PDF: 
Comment:
The conditional PDFs of θ 1 and θ 2 are quite complicated. To get some idea about the shape of the PDFs, we plot the conditional PDF of θ 1 and θ 2 in Figure 1 and 
Confidence interval
From the exact conditional distribution of θ 1 , the exact CI can be constructed under the assumption that P θ 1 ( θ 1 ≤ x) is a monotonic decreasing function of θ 1 for fixed x. Several authors including Balakrishnan et al. [7] , Chen and Bhattayacharya [11] , Childs et al. [12] , Kundu and Basu [25] used this technique to construct CI for the parameters. Although we cannot prove the monotonicity property of P θ 1 ( θ 1 ≤ x) analytically, a graphical plot supports this property, see Figure 3 and Figure 4 .
The confidence interval of θ 1 can be obtained as follows, see Kundu and Basu [25] for details. Suppose, θ 1,obs is an estimated value of θ 1 . Then for α ∈ (0, 1), a 100(1 − α)% exact CI is given by (θ 1l , θ 1u ) where, θ 1l and θ 1u are obtained from the following two equations,
Clearly due to complicated nature of PDF of θ 1 , the above two equations turn out to be non linear equations. One needs to solve them numerically, say for example by Newton Rapshon method or Bisection method. Similarly we can obtain the confidence interval for θ 2 also.
It should be mentioned that the exact confidence intervals of θ 1 and θ 2 may not always exist, see for example Balakrishnan et al. [4] for all 0 < α < 1. In fact it is clear that if It is not difficult to show that lim
P θ 1 ( θ 1 ≤ θ 1,obs ) = 1 and lim
we could not establish the following limits lim
In fact it has been observed in our simulation experiments that these limits may not be 0 always, and in those cases the exact finite length confidence intervals do not exist for all 0 < α < 1. We have demonstrated that in Section 6.
Due to complicated functional form of the exact conditional distribution function, it is quite difficult to obtain exact confidence intervals of the parameters in practice. Hence, we propose to use bootstrap method for construction of CIs of the unknown parameters. The steps are similar as given in Kundu and Gupta [26] , hence they are omitted.
Bayesian Analysis
In this section we consider the Bayesian inference of the unknown parameters. We obtain the Bayes estimates and the highest posterior density (HPD) credible intervals of the unknown parameters. Suppose, λ 1 = 1 θ 1 and λ 2 = 1 θ 2 , we take a joint prior distribution on (λ 1 , λ 2 )
as the Beta-gamma distribution, see for example Pena and Gupta [29] , with parameters
From now on it will be denoted by BG(b 0 , a 0 , a 1 , a 2 ) and it has the joint PDF for λ 1 , λ 2 > 0 as follows;
The joint posterior distribution of (λ 1 , λ 2 ) is given by,
and it is BG(
. The Bayes estimates of θ 1 and θ 2 under square error loss function are, respectively,
and
The corresponding posterior variances are, respectively,
where for k = 1, 2,
.
credible set
Let us recall that for α ∈ (0, 1), a set C α is said to be a 100
To construct a 100(1 − α)% credible set we use the following theorem. The proof is quite straightforward, hence it is not provided here.
and they are independently distributed.
Using the above theorem we construct a 100(1 − α)% credible set of (λ 1 , λ 2 ) as follows.
Then C α can be constructed as,
with
Note that, C λ 1 ,λ 2 ,α is a trapezoid enclosed by the following four straight lines:
Equivalently, we can get a 100(1 − α)% credible set of (θ 1 , θ 2 ) as follows
Hence, C θ 1 ,θ 2 ,α is an area enclosed by the following four lines (two of them are straight lines and two of them are curved lines).
Although, we can obtain a 100(1 − α)% credible set of (λ 1 , λ 2 ) or of (θ 1 , θ 2 ) by the above method, it is not possible to obtain the HPD credible intervals for any function of λ 1 , λ 2 or of θ 1 , θ 2 . We propose to use the Gibbs sampling technique to construct the 100(1 − α)% HPD credible interval of any function of λ 1 and λ 2 , say, g(λ 1 , λ 2 ). Shrijita et al. [9] gave similar algorithm to find HPD credible interval of g(λ 1 , λ 2 ) and hence are omitted here.
Simulation
In this section we present some simulation results mainly to see how the different methods proposed in this paper behave in practice. We have kept
We have considered different sample sizes (n), different effective sample sizes (m), different k values and three different progressive censoring schemes namely; Scheme-I (R 1 = n − m,
. We have considered the following different cases, see Table 1 . In each case we compute the MLEs of the unknown parameters, Table 1 : Different cases considered for simulation experiments.
Scheme-I Scheme-II Scheme-III n=20, k=3, m=14 n=20, k=3, m=14 n=20, k=3, m=14 n=20, k=5, m=14 n=20, k=5, m=14 n=20, k=5, m=14 n=20, k=3, m=18 n=20, k=3, m=18 n=20, k=3, m=18 n=20, k=5, m=18 n=20, k=5, m=18 n=20, k=5, m=18 n=30, k=6, m=22 n=30, k=6, m=22 n=30, k=6, m=22 n=30, k=8, m=22 n=30, k=8, m=22 n=30, k=8, m=22 n=30, k=6, m=26 n=30, k=6, m=26 n=30, k=6, m=26 n=30, k=8, m=26 n=30, k=8, m=26 n=30, k=8, m=26 and construct the 95 % exact confidence intervals and the bootstrap confidence intervals for both the parameters. We replicate the process 5000 times, and report the average biases, mean squared errors (MSE), the average length of the confidence intervals and the associated coverage percentages within brackets.
One important point we would like to mention that a finite length of 95 % exact confidence interval of each of the parameters does not exist for each replication. This happens when the number of failures due to a particular cause is very low (1 or 2 mostly). We have reported the number of times the exact confidence intervals do not exist (NECI) also. The results are presented in Table 2 and Table 5 . We give few graphical evidences of such non existence of solutions [see Figure 5 and Figure 6 ] .
To perform the Bayesian analysis we consider two different priors; Prior-I (informative) and Prior-II (matching prior). For Prior-I, the hyper parameters are a 0 = 46/13, b 0 = 1, a 1 = 2.3, a 2 = 2, and they have been chosen in such a manner that E(λ 1 ) = 1 and E(λ 2 ) = 1/1.3, the true values of the parameters considered for simulation experiments. For Prior-II, the hyper parameters are a 0 = 2, b 0 = 0, a 1 = 1, a 2 = 1, and they have been chosen in such a manner that the Bayes estimates match with the corresponding MLEs. In this case also similarly as before, in each case we compute the Bayes estimates and the symmetric and HPD credible intervals. We replicate the process 5000 times, and report the average biases, MSEs, the average lengths of the credible intervals and the associated coverage percentages within brackets. The results are presented in Table 3, Table 4 , Table 6 and Table 7 .
Some of the points are quite clear from these simulation results. It is observed that the performance of the MLEs are quite satisfactory. As the sample size increase the biases and the MSEs decrease as expected. Comparing the performances of the different confidence intervals it is observed that the performances of the exact confidence intervals and the bootstrap confidence intervals are quite good. In both these cases coverage percentage are maintained.
Since the average lengths of the bootstrap confidence intervals are slightly smaller than the corresponding average lengths of the exact confidence intervals we propose to use the bootstrap confidence intervals for all practical purposes, and they are very easy to implement also.
Clearly, from Figure 5 and Figure 6 we see that upper confidence limits of the parameters θ 1 and θ 2 do not exist for large estimates of the corresponding parameters. In other words, it can be said that finite length of confidence interval does not exist for θ 1 when D 1 is very small. Similar case holds for θ 2 also. 
Data analysis
In this section we consider a real data set mainly for illustrative purposes. The data is taken from an experiment conducted by Dr. H.E. Walburg, Jr., of the Oak Ridge National Laboratory (see Hoel [22] ). A group of male mice received a radiation dose of 300r at age From the data set we obtain W =
Since we do not have any prior information about the unknown parameters, we use Prior-II in this case.
The Bayes estimates of θ 1 and θ 2 are θ 1B = 4137.429 and θ 2B = 1609, respectively. These are also the MLEs of θ 1 and θ 2 . The Bayes estimates of λ 1B and λ 2B are λ 1 = 0.0003 and λ 2 = 0.0006, respectively. We present different 95% confidence and credible intervals of θ 1 and θ 2 in Table 8 . In Figure 7 we present the 95% credible set of θ 1 and θ 2 . 7
Conclusion
In this paper we consider the analysis of generalized progressive hybrid censored data in presence of competing risks. It is assumed that the competing causes of failures satisfy the latent failure time model assumption of Cox [15] . We further assume that the lifetime distributions 
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Appendix: The Proof of the Main Theorem
First we derive the distribution function of θ 1 which is given below.
where, A = {Z k:m:n < T < Z m:m:n }, B = {T < Z k:m:n < Z m:m:n }, C = {Z k:m:n < Z m:m:n < T }.
Now to compute the terms on the right hand side of (7), we need the following Lemmas.
Lemma: 1 The joint distribution of Z 1:m:n , . . . , Z J:m:n given J = j, D 1 = i for i = 1, . . . , j and j = k, . . . , m − 1 at z 1 , . . . , z j , is given by,
Proof of Lemma 1: For j = k, k + 1, . . . m and i = 1, 2, . . . , j, consider left side of (8),
Note that, the event {z 1 < Z 1:m:n < z 1 + dz 1 , . . . , z j < Z j:m:n < z j + dz j , J = j, D 1 = i)} for i = 1, . . . , j; j = k, k + 1, . . . , m is nothing but the failure times of j units till time point T and out of them i units have failed due to Cause-1. The probability of this event is the likelihood contribution of the data when T * = T . Thus (9) becomes,
Lemma 2 
Proof of Lemma 2: For i = 1, 2, . . . , k, consider left side of (10),
Note that, the event {z 1 < Z 1:m:n < z 1 + dz 1 , . . . , z k < Z k:m:n < z k + dz k , T < Z k:m:n , D 1 = i)} for i = 1, . . . , k is nothing but the failure times of k units till the experiment termination point Z k:m:n and out of them i units have failed due to Cause-1. The probability of this event is the likelihood contribution of the data when T * = Z k:m:n . Thus (11) becomes, 
Proof of Lemma 3: For i = 1, 2, . . . m, consider left side of (12),
Note that, the event {z 
Proof.
The above equality follows using Lemma 1,
)} The last equality follows using Lemma 1 of Balakrishnan et al. [5] . 
